Embedded constant mean curvature hypersurfaces on spheres by Perdomo, Oscar
ar
X
iv
:0
90
3.
13
21
v1
  [
ma
th.
DG
]  
7 M
ar 
20
09
EMBEDDED CONSTANT MEAN CURVATURE HYPERSURFACES ON
SPHERES
OSCAR M. PERDOMO
Abstrat. Let m ≥ 2 and n ≥ 2 be any pair of integers. In this paper we prove that if H
is between the numbers cot( pi
m
) and bm,n =
(m2−2)
√
n−1
n
√
m2−1
, then, there exists a non isoparametri,
ompat embedded hypersurfae in Sn+1 with onstant mean urvature H that admits the group
O(n) × Zm in their group of isometries, here O(n) is the set of n × n orthogonal matries and
Zm are the integers mod m. When m = 2 and H is lose to the boundary value 0 = cot(
pi
2
),
the hypersurfaes look like two very lose n-dimensional spheres with two atenoid neks attahed,
similar to onstrutions made by Kapouleas. When m > 2 and H is lose to cot( pi
m
), the hyper-
surfaes look like a neklets made out of m spheres with m+ 1 atenoid neks attahed, similar to
onstrutions made by Butsher and Paard. In general, when H is lose to bm,n the hypersurfae
is lose to an isoparametri hypersurfae with the same mean urvature. As a onsequene of the
expression of these bounds for H , we have that every H dierent from 0,± 1√
3
an be realized as
the mean urvature of a non isoparametri CMC surfae in S3. For hyperboli spaes we prove that
every non negative H an be realized as the mean urvature of an embedded CMC hypersurfae
in Hn+1, moreover we prove that when H > 1 this hypersurfae admits the group O(n) × Z in its
group of isometries. Here Z are the integer numbers. As a orollary of the properties proven for
these hypersurfaes, for any n ≥ 6, we onstrut non isoparametri ompat minimal hypersurfaes
in Sn+1 whih one in Rn+2 is stable. Also, we will prove that the stability index of every non
isoparametri minimal hypersurfae with two prinipal urvatures in Sn+1 is greater than 2n+ 5.
1. Introdution
Minimal hypersurfaes on spheres with exatly two prinipal urvatures everywhere were studied by
Otsuki in ([3℄), he redued the problem of lassifying them all, to the problem of solving an ODE,
and the problem of deiding about their ompatness, to the problem of studying a real funtion
given in term of an integral that related two periods of two funtions involved in the immersions
that he found. In this paper we hanged the minimality ondition for the onstant mean urvature
ondition and using a slightly dierent point of view, we got similar results. As pointed out by Do
Carmo and Dajzer in ([6℄), these hypersurfaes are rotations of a plane prole urve. The existene
of these hypersurfaes as immersions have been established in ([6℄) and in ([7℄). Partial result about
the ondition for small values of H that guarantee embedding were found in ([8℄). The main work
in this paper onsists in studying these prole urves and in deiding when they are embedded.
Lemma (5.1) and its orollary (5.2) played an important role in the understanding of the period of
these prole urves for they were responsible of getting expliit formulas for these two numbers
an,m = cot
π
m
and bn,m =
(m2 − 2)√n− 1
n
√
m2 − 1
with the property that everyH between an,m and bn,m an be realized as the mean urvature of a non
isoparametri embedded CMC hypersurfae in Sn+1, suh that its prole urve is invariant under
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the group of rotation by an angle
2pi
m
, and therefore the hypersurfae admits the group O(n)× Zm
in its group of isometries.
One of the dierenes between the analysis of the prole urve in this work and Otsuki's, is that
Otsuki used the supporting funtion of this prole urve. We, instead, studied the radius and the
angle separately, and we proved that the angle funtion is inreasing, whih helps us to deide
when this urve is injetive and onsequently, when the immersion is an embedding. In order to
understand this angle funtion we got some help from the understanding of three vetor elds
dened in setion (3.3).
Sine we an obtain a similar formula for the angle of the prole urve for CMC hypersurfaes in
the hyperboli spae, we also extend the result in this ase in order to expliitly exhibit embedded
examples the hyperboli spae. Also, similar results are obtained in Eulidean spaes. These results
on embedded hypersurfaes on hyperboli spaes and Eulidean spaes where proven in ([1℄) with
dierent tehniques.
As a onsequene of the symmetries proven for all ompat onstant mean urvatures in Sn+1 with
two prinipal urvatures everywhere, we proved that all these examples with H = 0, have stability
index greater than 2n+ 5. In this diretion there is a onjeture that states that the only minimal
hypersurfaes in Sn+1 with stability index 2n+5 are the isoparametri with two prinipal urvatures.
Some partial results for this onjeture were proven in ([2℄). Also, sine it is not diult to prove
that these examples an be hosen to be as lose as we want from the isoparametri examples, we
proved that some of Otsuki's minimal hypersurfaes are examples of non isoparametri ompat
stable minimal trunated ones in R
n+2
for n ≥ 6.
The author would like to express his gratitude to Professor Brue Solomon for disussing the hy-
persurfaes with him and pointing out the similarity between them and the Delaunay's surfaes.
2. Preliminaries
Let M be an n-dimensional hypersurfae of the (n+ 1)-dimensional unit sphere Sn+1 ⊂ Rn+2. Let
ν : M → Sn+1 be a Gauss map and Ap : TpM → TpM the shape operator, notie that
Ap(v) = −∇¯vν for all v ∈ TpM
where ∇¯ is the Eulidean onnetion in Rn+2. We will denote by ||A||2 the square of the norm of
the shape operator.
If X, Y and Z are vetor elds on M , ∇XY represents the Levi-Civita onnetion on M with
respet to the metri indued by Sn+1 and [X,Y ] = ∇XY −∇YX represents the Lie braket, then,
the urvature tensor on M is dened by
R(X,Y )Z = ∇Y∇XZ −∇X∇Y Z +∇[X,Y ]Z(2.1)
and the ovariant derivative of A is dened by
DA(X,Y,Z) = Z〈A(X), Y 〉 − 〈A(∇ZX), Y 〉 − 〈A(X),∇ZY 〉(2.2)
the Gauss equation is given by,
R(X,Y )Z = 〈X,Z〉Y − 〈Y,Z〉X + 〈A(X), Z〉A(Y )− 〈A(Y ), Z〉X(2.3)
and the Codazzi equations are given by,
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DA(X,Y,Z) = DA(Z, Y,X)(2.4)
Let us denote by κ1, . . . , κn the prinipal urvatures of M and, by H =
κ1 + · · ·+ κn
n
the mean
urvature of M . We will assume that M has exatly two prinipal urvatures everywhere and that
H is a onstant funtion on M . More preisely, we will assume that
κ1 = · · · = κn−1 = λ, κn = µ and (n− 1)λ+ µ = nH
By hanging ν by −ν if neessary we an assume without loss of generality that λ − µ > 0. Let
{e1, . . . , en} denotes a loally dened orthonormal frame suh that
A(ei) = λei for i = 1, . . . , n− 1 and A(en) = µen(2.5)
The next Theorem is well known, see ([3℄), for ompleteness sake and as part of preparation for the
dedution of other formulas, we will show a proof here,
Theorem 2.1. If M ⊂ Sn+1 is a CMC hypersurfae with two prinipal urvatures and dimension
greater than 2, and {e1, . . . , en} is a loally dened orthonormal frame suh that (2.5) holds true,
then,
v(λ) = 0 for any v ∈ Span{e1, . . . , en−1}
∇ven = en(λ)
µ− λ v for any v ∈ Span{e1, . . . , en−1}
∇enen = 0
1 + λµ = en(
en(λ)
λ− µ)− (
en(λ)
λ− µ)
2
[ei, ej ] ∈ Span{e1, . . . , en−1} for any i, j ∈ {1, . . . , n − 1}
Proof. For any i, j ∈ {1, . . . , n− 1} with i 6= j (here we are using the fat that the dimension of M
is greater than 2) and any k ∈ {1, . . . , n}, we have that,
DA(ei, ej , ek) = ek〈A(ei), ej 〉 − 〈A(∇ekei), ej 〉 − 〈A(ei),∇ekej 〉
= ek(λ〈 ei, ej 〉)− 〈∇ekei, A(ej) 〉 − λ〈 ei,∇ekej 〉
= ek(0) − λ〈∇ekei, ej 〉 − λ〈 ei,∇ekej 〉
= 0− λek(〈 ei, ej 〉)
= 0
On the other hand,
DA(ei, ei, ej) = ej〈A(ei), ei 〉 − 〈A(∇ejei), ei 〉 − 〈A(ei),∇ejei 〉
= ej(λ)− λej(〈 ei, ei 〉)
= ej(λ)
EMBEDDED CONSTANT MEAN CURVATURE HYPERSURFACES ON SPHERES 4
By Codazzi equation (2.4), we get that ej(λ) = 0, for all j ∈ {1, . . . , n− 1}, therefore v(λ) = 0 for
any v ∈ Span{e1, . . . , en−1}. Now,
DA(ei, en, ej) = ej〈A(ei), en 〉 − 〈A(∇ejei), en 〉 − 〈A(ei),∇ejen 〉
= ej(λ〈 ei, en 〉)− 〈∇ejei, A(en) 〉 − λ〈 ei,∇ejen 〉
= ej(0)− µ〈∇ejei, en 〉 − λ〈 ei,∇ejen 〉+ (λ〈∇ejei, en 〉 − λ〈∇ejei, en 〉)
= (λ− µ)〈∇ejei, en 〉 − λ ej(〈 ei, en 〉)
= (µ− λ)〈 ei,∇ejen 〉
Sine µ− λ > 0, using Codazzi equations we get that,
〈 ei,∇ejen 〉 = 0 for any i, j ∈ {1, . . . , n− 1} with i 6= j(2.6)
Now, for any i ∈ {1, . . . , n− 1}, using the same type of omputations as above we an prove that,
DA(ei, ei, en) = en(λ) = DA(ei, en, ei) = (µ − λ)〈 ei,∇eien 〉
and
DA(en, en, ei) = ei(µ) = 0 = DA(ei, en, en) = (µ− λ)〈 ei,∇enen 〉
Therefore,
〈 ei,∇eien 〉 =
en(λ)
µ− λ and 〈 ei,∇enen 〉 = 0 for any i ∈ {1, . . . , n− 1}(2.7)
Sine en is a unit vetor eld, we have that 〈∇eken, en 〉 = 0 for any k. From the equations (2.6 )
and (2.7 ) we onlude that
∇ven = en(λ)
µ− λ v for any v ∈ Span{e1, . . . , en−1} and ∇enen = 0
Notie that for any i, j ∈ {1, . . . , n − 1} with i 6= j, using equation (2.6), we get that
〈 [ei, ej ], en 〉 = 〈∇eiej −∇ejei, en 〉 = 〈 ei,∇ejen 〉 − 〈 ej ,∇eien 〉 = 0
Therefore [ei, ej ] ∈ Span{e1, . . . , en−1}. Finally we will use Gauss equation to prove the dierential
equation on λ. First let us point out that, using the equation (2.7), we an prove that 〈 [en, e1], en 〉 =
0 and therefore we have that [en, e1] ∈ Span{e1, . . . , en−1}. Now, by Gauss equation we get,
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1 + λµ = 〈R(en, e1)en, e1 〉
= 〈∇e1∇enen −∇en∇e1en +∇[en,e1]en, e1 〉
= 〈 0−∇en(
en(λ)
µ− λ e1) +
en(λ)
µ− λ [en, e1] , e1〉
= −en( en(λ)
µ− λ) +
en(λ)
µ− λ〈∇ene1 −∇e1en, e1 〉
= −en( en(λ)
µ− λ)− (
en(λ)
µ− λ)
2
= en(
en(λ)
λ− µ)− (
en(λ)
λ− µ)
2

3. Constrution of the examples
We will maintain the notation of the previous setion and we will prove a serious of identities and
results that will allow us to easier state and prove the theorem that denes the examples at the end
of this setion.
3.1. The funtion w and its solution along a line of urvature. Sine (n − 1)λ + µ = nH,
we get that
λ− µ = λ− (nH − (n− 1)λ) = n(λ−H) = nw−n where w = (λ−H)− 1n(3.1)
Reall that we are assuming that λ−µ is always positive, then, w is a smooth dierentiable funtion.
By the denition of w given in (3.1) we have that,
en(w) = − 1
n
(λ−H)−n+1n en(λ) = − 1
n
wn+1 en(λ) = −wen(λ)
λ− µ(3.2)
The seond order dierential equation in Theorem (2.1) an be written using the funtion w as,
en
( en(w)
w
)
+
( en(w)
w
)2
+ 1 + λµ = 0(3.3)
and if we write λ and µ in terms of w we get
en(
( en(w)
w
)
) +
( en(w)
w
)2 − (n− 1)
w2n
− (n− 2)H
wn
+H2 + 1 = 0(3.4)
Deriving the previous equation, we have used the following identities,
λ = w−n +H and µ = H − (n − 1)w−n(3.5)
From the Equation (3.2) we get that
en(λ) = −(λ− µ) en(w)
w
(3.6)
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The equation above allows us to write one of the equations in Theorem (2.1) as
∇¯ven = en(w)
w
v for any v ∈ Span{e1, . . . , en−1}(3.7)
Notie that equation (3.4) redues to
en(en(w))
w
− (n− 1)
w2n
− (n− 2)H
wn
+H2 + 1 = 0(3.8)
and therefore multiplying by 2wen(w) we have that there exists a onstant C suh that,
(en(w))
2 + w2−2n + (1 +H2)w2 + 2Hw2−n = C(3.9)
Let us denote by x : M → Rn+2 the position viewed as a map, and by ∇¯ the Eulidean onnetion
on R
n+1
. Using the equations in Theorem (2.1) and the fat that ∇¯vx = v, 〈x, ν(x) 〉 = 0 and
〈 ν(x), ν(x) 〉 = 1, we get that
∇¯enen = −x+ µν(3.10)
∇¯enν = −µen(3.11)
∇¯enx = en(3.12)
Let us x a point p0 ∈ M , and let us denote by γ(u) the only geodesi in M suh that γ(0) = p0
and γ′(0) = en(p0). Sine ∇enen vanishes, then γ(u) = en(γ(u)). Notie that γ(u) is also a line of
urvature. Let us denote by g(u) = w(γ(u)). Equation (3.9) implies that
(g′)2 + g2−2n + (1 +H2)g2 + 2Hg2−n = C(3.13)
or equivalently,
gn−1 g′√
Cg2n−2 − 1− (1 +H2)g2n − 2Hgn = ±1(3.14)
It is lear that the onstant C must be positive and moreover, in order to solve this equation we
need to onsider a onstant C suh that the polynomial
ξ(s) = Cs2n−2 − 1− (1 +H2)s2n − 2Hsn(3.15)
is positive on a interval (t1, t2) with 0 < t1 < t2 and ξ(t1) = 0 = ξ(t2). Notie that for every H it
is possible to pik C suh that ξ is positive on an interval beause ξ is a polynomial of even degree
with negative leading oeient, ξ(0) = −1, and if C is big enough, this polynomial takes positive
values for positive values of s. Let us assume that t1 and t2 are as above and moreover let us assume
that ξ′(t1) and ξ′(t2) are not zero, so that the funtion G that we are about to dene is well dened
on [t1, t2]. Let us onsider
G(s) =
∫ s
t1
tn−1√
Ct2n−2 − 1− (1 +H2)t2n − 2Htn dt for t1 ≤ u ≤ t2
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and let T = 2G(t2). Sine G
′(s) > 0 for s ∈ (t1, t2), then we an onsider the inverse of the funtion
G. Denoting by F : [0, T2 ]→ [t1, t2] the inverse of G, a diret veriation shows that the T -periodi
funtion that satises
g(u) = F (u) for 0 ≤ u ≤ T
2
and g(u) = F (T − u) for T
2
≤ u ≤ T
is a solution of the equation (3.14)
3.2. The vetor eld η . Let us dene the following normal vetor eld along M
η = −en(w)
w
en + λ ν − x
The vetor eld η has the following properties
(1) 〈η, η〉 = (en(w)
w
)2 + λ2 + 1 =
C
w2
, this follows from Equation (3.9) and the denition of λ in
terms of w, (3.5).
(2) ∇¯enη = −
en(w)
w
η. This is the equation that makes all the onstrutions work in this setion.
The equation follows from Equations (3.10), (3.11) and (3.12 ) and the rst and seond
dierential equations for the funtion w, espeially, Equation (3.3) and Equation (3.6).
(3) For any i ∈ {1, . . . , n− 1}, ∇¯ei(x+ w
2
C
η) vanishes. The proof of this identity is similar, and
additionally, uses the Equation (3.7).
(4) 〈x+ w
2
C
η, x+
w2
C
η〉 = 1− w
2
C
.
3.3. Vetor elds that lies on a plane . Now that we have omputed the funtion g(u) =
w(γ(u)), let us understand better the geodesi γ. The equations (3.10), (3.11) and (3.12 ) imply
that
X(u) = en(γ(u)), Y (u) = ν(γ(u)) and Z(u) = γ(u)
satisfy an ordinary linear dierential equation in the variable u with periodi oeients (notie
that µ(γ(u)) is a funtion of g(u)). By the existene and uniqueness theorem of ordinary dierential
equations we get the solutions X(u), Y (u) and Z(u) lies in the three dimensional spae
Γp0 = Span{en(p0), ν(p0), p0}(3.16)
For the sake of simpliation, we will onsider the T -periodi funtion r : R→ R dened by
r(u) =
g(u)√
C
It is not diult to hek that the funtion r satises the following equations
r′′
r
+ 1 + λµ = 0, (r′)2 + r2 (1 + λ2) = 1, λ′ = −(λ− µ)r
′
r
(3.17)
In the previous equations we are abusing of the notation with the name of the funtions λ and µ, in
this ase, and whenever is understood by the ontext, they will also denote the funtion λ(γ(u)) and
µ(γ(u)) respetively. In the onstrution of the examples that we will be onsidering, the funtion
EMBEDDED CONSTANT MEAN CURVATURE HYPERSURFACES ON SPHERES 8
1 − r2 needs to be positive. We an ahieve this by assuming that H ≥ 0 beause this ondition
will imply that λ > 0, and therefore r < 1.
Let us dene the following vetor elds along γ
B1(u) = η(γ(u)) = −r
′
r
X + λY − Z
B2(u) = − rr
′
√
1− r2 X +
r2λ√
1− r2 Y +
√
1− r2Z
B3(u) =
rλ√
1− r2 X +
r′√
1− r2 Y
Using the equations in setion (3.2), the Equations (3.10), (3.11) and (3.12 ) that give the derivative
of the vetor elds X, Y and Z, and Equation (3.17), we an hek the following properties.
(1) B1(u), B2(u) and B3(u) lie on the three dimensional subspae Γp0
(2)
B′1 = −
r′
r
B1
(3)
〈B1, B2〉 = 0, 〈B1, B3〉 = 0 and 〈B2, B3〉 = 0
(4)
〈B2, B2〉 = 1, 〈B3, B3〉 = 1 and 〈B1, B1〉 = 1
r2
(5) From the previous items we get that
B′2 = hB3 and B
′
3 = −hB2 for some funtion h : R→ R
These equations hold true beause
〈B′2, B1〉 = −〈B′1, B2〉 =
r′
r
〈B1, B2〉 = 0 likewise 〈B′3, B1〉 = 0
(6) From the previous item we get that the vetors B2 and B3 lie on a two dimensional subspae.
(7) We have that
〈B′3, Z〉 = −
rλ√
1− r2 and 〈B2, Z〉 =
√
1− r2
therefore the funtion h in the previous item is given by rλ
1−r2 . It follows that,
B′2 =
rλ
1− r2B3 and B
′
3 = −
rλ
1− r2B2
The fat that h does not hange sign when λ > 0, in partiular when H ≥ 0, will help us
prove that for some hoies of C the hypersurfae M is embedded.
(8) If we assume without loss of generality that
1
|B1(0)| B1(0) = (0, . . . , 1, 0, 0), B2(0) = (0, . . . , 0, 1, 0) and B3(0) = (0, . . . , 0, 0, 1)
then,
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B1(u) =
1
r
(0, . . . 0, 1, 0, 0)
B2(u) = sin(θ(u))(0, . . . 0, 0, 1) + cos(θ(u))(0, . . . , 0, 1, 0)
B3(u) = cos(θ(u))(0, . . . 0, 0, 1) − sin(θ(u))(0, . . . , 0, 1, 0)
where θ : R→ R is a given by
θ(u) =
∫ u
0
r(s)λ(s)
1− r2(s)ds
(9) If
K = K(H,n,C) = θ(T ) =
∫ T
0
r(s)λ(s)
1− r2(s)ds = 2
∫ T
2
0
r(s)λ(s)
1− r2(s)ds
then, for any positive integer m and any u ∈ [mT, (m+ 1)T ] we have that
θ(u) = mK + θ(u−mT )
This property is a onsequene of the existene and uniqueness theorem for dierential
equation and will be used to prove the invariane of M under some rotations.
(10) If q(u) = γ(u) + r2(u)η(γ(u)), then
〈q, q〉 = 1− r2 and B2 = q|q| i.e q =
√
1− r2B2
3.4. A lassiation of onstant mean urvature hypersurfaes in spheres with two prin-
ipal urvatures. We are ready to dene the examples of onstant mean urvature hypersurfaes
on Sn+1 when n ≥ 2. Here is the theorem:
Theorem 3.1. Let n be a positive integer greater than 1 and let H be a non negative real number.
(1) Let gC : R → R be a T -periodi solution of the equation (3.13) assoiated with this H and
a positive onstant C. If λ, r, θ : R→ R are dened by
r =
gC√
C
, λ = H + g−nC and θ(u) =
∫ u
0
r(s)λ(s)
1− r2(s)ds
then, the map φ : Sn−1 ×R→ Sn+1 given by
φ(y, u) = ( r(u) y,
√
1− r(u)2 cos(θ(u)),
√
1− r(u)2 sin(θ(u)) )(3.18)
is an immersion with onstant mean urvature H.
(2) If K(H,n,C) = 2
∫ T
2
0
r(u)λ(u)
1−r2(u) du =
2pi
k
for some positive integer k, then, the image of the
immersion φ is an embedded ompat hypersurfae in Sn+1. In general, we have that if
K(H,n,C) = 2kpi
m
for a pair of integers, then, the image of the immersion φ is a ompat
hypersurfae in Sn+1.
(3) Let n be an integer greater than 2, and let M ⊂ Sn+1 be a onneted ompat hypersurfae
with two prinipal urvatures λ with multipliity n − 1, and µ with multipliity 1. If λ− µ
is positive and the mean urvature H = (n − 1)λ + µ is non negative and onstant, then,
up to a rigid motion of the sphere, M an be written as an immersion of the form (3.18).
Moreover, M ontains in its group of isometries the group O(n) × Zm, m is the positive
integer suh that K(H,n,C) = 2kpi
m
, with k and m relative primes.
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Proof. Dening B1 and B2 as before we have that
φ(y, u) = r(u)(y, 0, 0) +
√
1− r(u)2B2(u)
A diret veriation shows that,
∂φ
∂u
= r′ (y, 0, 0) − r r
′
√
1− r2 B2 +
λ r√
1− r2 B3
We have that 〈∂φ
∂u
, ∂φ
∂u
〉 = 1 and that the tangent spae of the immersion at (y, u) is given by
Tφ(y,u) = {(v, 0, 0) + s
∂φ
∂u
: 〈v, y〉 = 0 and s ∈ R}
A diret veriation shows that the map
ν(y, u) = −r(u)λ(u) (y, 0, 0) + r
2(u)λ(u)√
1− r2(u) B2(u) +
r′(u)√
1− r2(u) B3(u)
satises that 〈ν, ν〉 = 1, 〈ν, ∂φ
∂u
〉 = 0 and for any v ∈ Rn with 〈v, y〉 = 0 we have that 〈ν, (v, 0, 0)〉 = 0.
It then follows that ν is a Gauss map of the immersion φ. The fat that the immersion φ has onstant
mean urvature H follows beause for any unit vetor v in Rn perpendiular to y, we have that
β(t) = (r cos(t)y + r sin(t)v, 0, 0) +
√
1− r2B2 = φ(cos(t)y + r sin(t)v, u)
satises that β(0) = φ(y, u), β′(0) = rv and
dν(β(t))
dt
∣∣
t=0
= dν(rv) = −rλ v
Therefore, the tangent vetors of the form (v, 0, 0) are prinipal diretions with prinipal urvature
λ and multipliity n−1. Now, sine 〈∂φ
∂u
, (v, 0, 0)〉 = 0, we have that ∂φ
∂u
denes a prinipal diretion,
i.e. we must have that
∂ν
∂u
is a multiple of
∂φ
∂u
. A diret veriation shows that if we dene µ : R→ R
by µ(u) = nH − (n− 1)λ(u), then,
〈∂ν
∂u
, y〉 = −λ′ r − λr′ = (λ− µ)r′ − λ r′ = −µ r′ = −(nH − (n− 1)λ)r′
We also have that 〈∂φ
∂u
, y〉 = r′, therefore,
∂ν
∂u
= dν(
∂φ
∂u
) = −µ ∂φ
∂u
= −(nH − (n− 1)λ)∂φ
∂u
It follows that the other prinipal urvature is nH − (n − 1)λ. Therefore φ denes an immersion
with onstant mean urvature H, this proves the rst item in the Theorem.
In order to prove the seond item, we notie that if K(H,n,C) = 2pi
k
for some positive k, then, we
get that θ(kT ) = 2π, this last fat makes the image of the immersion φ ompat. This immersion
is embedded beause the immersion φ is one to one for values of u between 0 and kT as we an
easily hek using the fat that whenever H ≥ 0, the funtion θ is stritly inreasing. Reall that
under these irumstanes θ(0) = 0 and θ(kT ) = 2π. The prove of the other statement in this item
is similar.
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Let us prove the next item. For n > 2, let us now onsider a minimal hypersurfae M with the
properties of the statement. We will use the notation that we used in the preliminaries, in partiular
the funtion w : M → R is dened by the relation (λ − µ) = nwn, in partiular we will assume
that B1(0), B2(0) and B3(0) are hosen as before. By Theorem (2.1) we get that the distribution
Span{e1, . . . , en−1} is ompletely integrable. Let us x a point p0 inM and let us dene the geodesi
γ : R → M , and the funtions r : R → R as before and let us denote by Mu ⊂ M the (n − 1)-
dimensional integral submanifold of M of this distribution that passes through γ(u). Let us dene
the vetor eld η on M as before. Reall that B1(u) = η(γ(u)). Fixing a value u, let us dene the
maps
ρu, ζu : Mu → Rn+2 by ρu(x) = x+ w
2(x)
C
η and ζu(x) = ν(x) + λ(x)x
Using the equations in setion (3.2) we get that the maps ρu and ζu are onstant. Therefore,
ρu(x) = x+
w2(x)
C
η = γ(u) + r2(u)B1 =
√
1− r2B2
Notie that for every x ∈Mu, we have that
|x− ρu(x)|2 = |Z(u)−
√
1− r2B2(u)|2 = r2(u)
Therefore Mu is ontained in a sphere with enter in
√
1− r2B2 and radius r. We have that the
vetors e1, . . . , en−1 are perpendiular to the vetors
ρu(x) =
√
1− r2(u)B2(u) and ζu(x) = Y (u) + λ(u)Z(u)
Sine 〈Y (u)+λ(u)Z(u), B1(u)〉 = 0, 〈Y (u)+λ(u)Z(u), B2(u)〉 = λr2√1−r2 and 〈Y (u)+λ(u)Z(u), B3(u)〉 =
r′√
1−r2 , we get that
ζu(x) =
λr2√
1− r2 B2 +
r′√
1− r2 B3
It follows that, anytime r′(u) 6= 0, we have that all tangent vetors of Mu lies in the n-dimensional
spae perpendiular to the two dimensional spae spanned by B1(u) and B2(u). Sine this two
dimensional spae is independent of u, we onlude that every point x ∈Mu, satises that
x− ρu(x) = r(u)(y, 0, 0) where |y|2 = 1
or equivalently,
x = r(u) (y, 0, 0) + ρu(x) = r(u)(y, 0, 0) +
√
1− r(u)2B2(u)
Sine the set of points where r′ is disrete, we onlude that the expression for the points x ∈ Mu
holds true for all u. The theorem then follows beause the manifold M is onneted.
The property on the group of isometries of the manifold follows beause we an write M as the
image of the map
φ(y, u) = ( r(u) y,
√
1− r(u)2 cos(θ(u)),
√
1− r(u)2 sin(θ(u)) )(3.19)
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The group O(n) is part of the isometries of M beause any isometry in Rn+2 that xes the origin
and the last two entries of R
n+2
leave the our manifold M invariant. The group Zm is inluded in
the groups of isometries beause the lose urve given by the last two entries is built by gluing m
piees of the the urve
α(u) = (
√
1− r(u)2 cos(θ(u)),
√
1− r(u)2 sin(θ(u))) 0 ≤ u ≤ K(H,n,C) = 2kπ
m
This last statement is true by the the following observation already pointed out in the previous
setion.
For any positive integer j and u ∈ [jT, (j + 1)T ] we have that θ(u) = jK + θ(u− jT )

Corollary 3.2. If M is one of the examples in the previous theorem with H = 0, then, the stability
index, i.e, the number of negative eigenvalues of the operator J(f) = −∆f −nf − ||A||2 f is greater
than 2n+ 5.
Proof. This follows Theorem (3.1.1) in ([2℄) and the fat that the set of isometries of M ontains a
subgroup that moves every point in M . 
4. Embedded CMC surfaes in S3
For surfaes in S3, the examples will have the following form
Σ = {(
√
1− |α(t)|2 cos(s),
√
1− |α(t)|2 sin(s), α(t) ) : t ∈ R and s ∈ R }
where α(t) = (x3(t), x4(t)) will be alled the prole urve and we will refer to the surfae Σ as the
rotation of the urve α.
An interesting observation is that if we rotate the set of points in a line that lies in the unit disk,
we get a totally umbilial sphere. We an see this by notiing that this surfae an be written as
{(x1, x2, x3, x4) : x21 + x22 + x23 + x24 = 1 and ax3 + bx4 = c } where a, b and c are onstants
From this observation it follows that if we rotate a regular polygonal with m sides and vertexes in
the unit irle, then we obtain m kissing spheres in S3. The family of onstruted examples an be
subdivide into families F0, F2, F3 and so on, where F0 are the isoparametri examples and Fm are
non isoparametri examples whih group of isometries ontains the subgroup of isometries O(2)×Zm.
The family Fm is a olletions of surfaes that moves from the rotation of an regular polygon with
m sides to the rotation of a irle. In this way, the surfaes in this paper resemble Delaunay's
CMC surfaes in R
3
, in the sense that the examples here, move from a CMC without singularities
(the rotation of a irle, i.e. an isoparametri CMC surfae), to a CMC with m singularities (the
union of m spheres). Reall that Delaunay's surfaes move from a onstant mean urvature without
singularities (a ylinder, the rotation of a line), to a onstant mean urvature with innitely many
singularities (a olletion of round spheres, the rotations of a olletion of semi-irles).
In the ase n = 2 we an expliitly ompute the roots, t1 and t2, of the polynomial given in (3.15),
therefore, if H is any real number, and C is a onstant greater than 2(H +
√
1 +H2), then the
solution g : R→ R that satises the equation (3.13), i.e. the equation
EMBEDDED CONSTANT MEAN CURVATURE HYPERSURFACES ON SPHERES 13
(g′)2 + g−2 + (1 +H2)g2 + 2H = C(4.1)
is positive and more preisely, it varies from t1 to t2, where
t1 =
√
C − 2H −√C2 − 4HC − 4
2(1 +H2)
and t2 =
√
C − 2H +√C2 − 4HC − 4
2(1 +H2)
(4.2)
Also, we have that g is a periodi funtion with period
T = 2
∫ t2
t1
t√
(C − 2H)t2 − 1− (1 +H2)t4 dt
the funtion θ : R→ R previously dened is given by
θ(u) =
∫ u
0
r(s)λ(s)
1− r2(s)ds
where r(u) = g(u)√
C
and λ(u) = 1+ g−2(u). Moreover, Theorem (3.1) give us that the following map,
φ(v, u) = (r(u) cos(v), r(u) sin(v),
√
1− r2(u) cos(θ(u)),
√
1− r2(u) sin(θ(u)))
denes a surfae with onstant mean urvature H.
In this setion we will study our onstrutions for the ase n = 2 and by studying the dependene
of the funtion r in term of the onstant C we will prove the existene of ompat embedded CMC
surfaes in S3 with any presribed value H dierent from 0, 1√
3
and − 1√
3
. As pointed out in item
(2) of Theorem (3.1), in order to guarantee the existene of embedded surfaes we need to study
the number K(H, 2, C) where,
K = K(H, 2, C) = 2
∫ T
2
0
r(s)λ(s)
1− r2(s)ds(4.3)
The following lemma help us to understand K.
Lemma 4.1. For any C > 2
√
1 +H2+2H, the number K(H, 2, C) given in (4.3) an be omputed
with the following integral
K(H, 2, C) =
∫ pi
0
1
C
+H(−q2 cos(t)− q1)
(1 + q1 + q2 cos(t))
√
−q2 cos(t)− q1
√
1 +H2
dt
where
q1 =
−C + 2H
2C + 2CH2
and q2 =
√−4 + C2 − 4CH
2(C +H2)
Moreover for any H > 0,
K(H, 2, C) →
√
2π (H +
√
1 +H2)
3
2
(1 +H2)
1
4 (1 + 2H2 + 2H
√
1 +H2)
when C → 2(H +
√
1 +H2)+
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and
K(H,n,C)→ 2ArCot(H) when C →∞
Proof. Notie that the funtion r is stritly inreasing in [0, T2 ] and that r(0) =
t1√
C
and r(T2 ) =
t2√
C
.
After we make the hange of variable t = r(s), using (3.17), the expression for K(H, 2, C) in (4.3)
redues to
K(H, 2, C) = 2
∫ t2√
C
t1√
C
t(H + c−1t−2)
(1− t2)
√
1− t2(1 +H2 + 2HC−1 t−2 + C−2t−4) dt
Now, making u = t2 we get that
K(H, 2, C) =
∫ t22
C
t2
1
C
(H + c−1u−1)
(1− u)
√
1− u(1 +H2 + 2HC−1 u−1 + C−2u−2) du
=
∫ t22
C
t2
1
C
(Hu+ c−1)√
u(1− u)
√
−u2(1 +H2) + (1− 2HC−1)u− C−2) du
The expression inside the radial in the integral above an be written as
−u2(1 +H2) + (1− 2HC−1)u− C−2 = (1 +H2)( q22 − (u+ q1)2 )
where,
q1 =
2H − C
(1 +H2)2C
and q2 =
√
C2 − 4CH − 4
2C(1 +H2)
By doing the substitution v = u+ q1 we obtain that
K(H, 2, C) =
∫ b
a
(H(v − q1) + c−1)√
1 +H2
√
v − q1 (1− v + q1)
√
q22 − v2
dv
where
b =
t22
C
+ q1 = q2 and a =
t21
C
+ q1 = −q2
The integral formula in the lemma follows by doing the substitution v = −q2 cos(t). The formula
for the limit of K(H, 2, C) follows by taking the limit of the funtion inside the integral and then
integrating.

Remark
For the ase H = 0, Otsuki in ([3℄), showed that K → π when C →∞ and K → √2π when C → 2.
These values agree with the limit when H → 0 of the expressions that we have.
Theorem 4.2. For any H dierent from 0 and ± 1√
3
there exists a non isoparametri embedded
ompat surfae with onstant mean urvature H in S3.
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Proof. Without loss of generality we will assume that H > 0. By Theorem (3.1) we only need
to hek that for every H 6= 1√
3
, there exist a positive integer m and a onstant C suh that the
number K(H, 2, C) = 2pi
m
. By Lemma (4.1) we only need to prove that for some integer m, we have
that
b1(H) = 2ArCot(H) <
2π
m
<
√
2π (H +
√
1 +H2)
3
2
(1 +H2)
1
4 (1 + 2H2 + 2H
√
1 +H2)
= b2(H)
A diret omputation shows that,
b′2(H) = −
π
√
H +
√
1 +H2√
2(1 +H2)
5
4
therefore both of the bound funtions b1(H) and b2(H) are dereasing, positive and they have 0 as
a horizontal asymptote. The funtion b1(H) = 2ArCot(H) starts with the value π at H = 0 and
the funtion b2(H) starts at
√
2π when H = 0. Therefore, for values of H lose to 0, as long as
b2(H) > π, we an pik m = 2 and get an embedded CMC surfae with the given value H. Sine
the solution of the equation
√
2π (H +
√
1 +H2)
3
2
(1 +H2)
1
4 (1 + 2H2 + 2H
√
1 +H2)
= b2(H) = π =
2π
m
with m = 2
is H = 1√
3
, we get that for every H between 0 and 1√
3
there exist an embedded H-CMC surfae.
But, is there a surfae with onstant mean urvature H = 1√
3
assoiated with m = 3?. We ould
obtain this if we have that b1(
1√
3
) < 2pi3 , but uriously,
b1(
1√
3
) = 2ArCot(
1√
3
) =
2π
3
Therefore, we an not guarantee the existene of a embedded surfae with onstant mean urvature
1√
3
. For values of H after 1√
3
we have the existene of embedded surfaes with onstant mean
urvature H assoiated with m = 3, as long as b2(H) >
2pi
4 . A diret omputation shows that
b2(
7
4
√
2
) = 2pi4 , therefore all values of H between
1√
3
and
7
4
√
2
an be realized as onstant mean
urvatures of surfaes assoiated with m = 3, but, is there a surfae with onstant mean urvature
H = 7
4
√
2
assoiated with m = 4? We ould obtain this if we have that b1(
7
4
√
2
) < 2pi4 . In this
ase we have that indeed b1(
7
4
√
2
) < 2pi4 and therefore H =
7
4
√
2
is the mean urvature of a CMC
surfaes assoiated with m = 4. We will prove the existene of embedded surfaes with onstant
mean urvature greater than
1√
3
by showing that
b2(cot(
π
(m+ 1)
)) >
2π
m
for any integer m ≥ 3(4.4)
The reason the statement above sues is beause, for any H > 1√
3
there exists an integer m ≥ 3
suh that
cot(
π
m
) < H ≤ cot( π
m+ 1
)
Sine b1 and b2 are dereasing, we get that
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2π
m+ 1
≤ b1(H) < 2π
m
and b2(cot(
π
m+ 1
)) < b2(H)
Using the inequality (4.4) we get that
b1(H) <
2π
m
< b2(cot(
π
m+ 1
)) < b2(H)
whih guarantees that there exists a surfae with onstant mean urvature H that ontains the
group O(2)× Zm in its group of isometries.
To prove the inequality (4.4) it is enough to see that
d(H) = b2(cot(
π
(m+ 1)
))− 2π
m
=
π cot
3
2 ( pi2m+2 ) sec
4( pi2m+2 )
2
√
2 csc
5
2 ( pi
m+1 )
− 2π
m
and that
d′(H) = −πm
2 π cos( pi2m+2 )− 2(1 +m)2
m2(1 +m)2
For m ≥ 3 is not diult to see that m2 π cos( pi2m+2 ) − 2(1 +m)2 is positive. Sine d(3) > 0, the
limit when m → ∞ is zero and d is stritly dereasing, then we onlude that d must be positive.
Therefore, the theorem follows. 
Corollary 4.3. For any H ∈ (0, 1√
3
), there exists a O(2)×Z2-invariant surfae with onstant mean
urvature H. For any H ∈ ( 1√
3
, 7
4
√
2
) there exists a O(2)×Z3-invariant surfae with onstant mean
urvature H. For any H ∈ (1, 7√
15
) there exists a O(2) × Z4-invariant surfae with onstant mean
urvature H. In general for any m > 1, for any H ∈ (b−11 (2pim ), b−12 (2pim )) there exists a O(2) × Zm-
invariant surfae with onstant mean urvature H. Notie that for values of H between 1 and 7
4
√
2
there are surfae with onstant mean urvature H invariant under O(2) × Z3 and O(2) × Z4. The
same overlapping ours for any m > 2.
5. Hypersurfae with CMC in Sn+1, general ase
In this setion we will study the existene of ompat examples in Sn+1 by studying the values
K(H,n,C). The key lemma in this study is the following.
Lemma 5.1. Let f : (−δ, δ) → R be a smooth funtion suh that f(0) = f ′(0) = 0 and f ′′(0) =
−2a < 0. For positive values of c lose to 0, let t(c) be the rst positive root of the funtion f(t)+ c.
We have that
∫ t(c)
0
dt√
f(t) + c
=
π
2
√
a
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Proof. For any b > a let us dene the funtion h(t) = f ′(t) + 2bt. Sine h′(0) = 2(b − a) > 0 there
exists a positive ǫ suh that h′(t) > 0 for all t ∈ [0, ǫ]. Now for any c suh that t(c) < ǫ the funtion
g(t) = f(t) + c− (bt(c)2 − bt2)
satises that g(t(c)) = 0 and g′(t) = h(t) > 0. Therefore, g(t) < 0 for any t ∈ [0, t(c)]. By the
denition of g(t) we get that
0 < f(t) + c < bt(c)2 − bt2 for all t ∈ [0, t(c))
and therefore we get that
π
2
√
b
=
∫ t(c)
0
dt√
bt(c)2 − bt2 <
∫ t(c)
0
dt√
f(t) + c
Likewise, for any b < a, the same argument shows that
∫ t(c)
0
dt√
f(t) + c
<
∫ t(c)
0
dt√
bt(c)2 − bt2 =
π
2
√
b
Sine b 6= a an be hosen arbitrarily lose to a, we onlude the lemma.

Corollary 5.2. Let ǫ and δ be positive real numbers and let f : (t0− ǫ, t0+ ǫ)→ R and g : (−δ, δ)×
(t0 − ǫ, t0 + ǫ)→ R be two smooth funtions suh that f(t0) = f ′(t0) = 0 and f ′′(t0) = −2a < 0. If
for any small c > 0, t1(c) < t0 < t2(c) are suh that f(t1(c)) + c = 0 = f(t2(c))) + c, then
lim
c→0+
∫ t2(c)
t1(c)
g(c, t) dt√
f(t) + c
=
g(0, t0)π√
a
This lemma allows us to prove the main theorem in this paper,
Theorem 5.3. For any n ≥ 2 and any H ∈ (0, 2
√
n−1
n
√
3
) there exists a non isoparametri ompat
embedded hypersurfae in Sn+1 with onstant mean urvature H. More generally, for any integer
m > 1 and H between the numbers
cot
π
m
and
(m2 − 2)
√
(n− 1)
n
√
m2 − 1
there exist a non isoparametri ompat embedded hypersurfae in Sn+1 with onstant mean urva-
ture H suh that its group of isometries ontains the group O(n)× Zm.
Proof. We will onsider only positive values for H. Here we will use the expliit solution for the
ODE (3.13) given in setion (3.1). Let us rewrite this ODE as,
(g′)2 = q(g) where q(v) = C − v2−2n − (1 +H2)v2 − 2Hv2−n
We already pointed out in setion (3.1) that for some values of C, the funtion q has positive values
between two positive roots of q, denoted by t1 and t2. Let us be more preise and give an expression
for how big C needs to be. A diret veriation shows that
EMBEDDED CONSTANT MEAN CURVATURE HYPERSURFACES ON SPHERES 18
q′(v) = −2(1 +H2)v − (2− 2n)v1−2n − 2H(2− n)v1−n
and that the only positive root of q′ is
v0 = (
√
H2n2 + 4(n− 1) + (n− 2)H
2 + 2H2
)
1
n
(5.1)
Therefore, for positive values of v, the funtion q inreases from 0 to v0 and dereases for values
greater than v0. A diret omputation shows that q(v0) = c− c0 where,
c0 = n (2 + 2H
2)
n−2
n
2 + nH2 +H
√
H2n2 + 4(n− 1)(
(n− 2)H +
√
H2n2 + 4(n − 1) ) 2n−2n(5.2)
Therefore, whenever C > c0 we will have exatly two positive roots of the funtion q(v) that we
will denote by t1(C) and t2(C) to emphasize its dependents on C. A diret omputation shows that
q′′(v0) = −2a where
a = 2n(1 +H2)
4(n − 1) +H2 n2 +H (n− 2)
√
4(n − 1) +H2n2
(H(n − 2) +
√
4(n − 1) +H2n2 )2
Using the notation and results of setion (3.3), we get that
K(H,n,C) = 2
∫ T
2
0
r(s)λ(s)
1− r2(s) ds(5.3)
Sine r(s) = g(s)√
C
and λ(s) = H + g(s)−n we get that
K(H,n,C) = 2
∫ T
2
0
√
Cg(s)(H + g−n(s))
c− g2(s) ds
Sine g(0) = t1(c) and g(
T
2 ) = t2(c), by doing the substitutions t = g(s) we get
K(H,n,C) = 2
∫ t2(c)
t1(c)
√
Ct(H + t−n)
c− t2
1√
q(t)
dt
Sine a > 0 we an apply Corollary (5.2) to the get that
lim
c→c+0
K(H,n,C) = π
√
2− 2nH√
4(n− 1) +H2n2
It an be veried that this bound is the same bound we found for the ase n = 2.
In order to analyze the limit of the funtion K(H,n,C) when C →∞ we return to the expression
(5.3) and we make the substitution t = r(s) to obtain
K(H,n,C) = 2
∫ t2(C)√
C
t1(C)√
C
t(H + C−
n
2 t−n)
(1− t2)
√
1− t2(1 + (H + C−n2 t−n)2)
dt
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In this ase we have used the equation (3.17) to hange the ds for the dt. Notie that the limit
values
t1(C)√
C
and
t2(C)√
C
an also be haraterize as the only positive roots of the funtion,
q˜ = 1− t2(1 + (H + C−n2 t−n)2) = 1− (1 +H2)t2 − C−nt2−2n − 2HC−n2 t2−n
beause of the relation q(v) = Cq˜( v√
C
). Sine q˜( 1√
1+H2
) < 0 and for every positive ǫ < 1√
1+H2
we
have that
lim
C→∞
q˜(ǫ) > 0 and lim
c→∞
q˜(
1√
1 +H2
− ǫ) > 0
then, we onlude that the only two positive roots of q˜ onverge to 0 and to 1√
1+H2
when C →∞.
Therefore,
lim
C→∞
K(H,n,C) = 2
∫ 1√
1+H2
0
Ht
(1− t2)
√
1− (1 +H2)t2 dt = 2ArCot(H)
Notie that this bound is the same bound we found for the ase n = 2. Therefore, for any xed
H > 0, the funtion K(H,n,C) takes all the values between
a1(H) = 2ArCot(H) and a2,n(H) = π
√
2− 2nH√
4(n− 1) +H2n2
We have that the funtions a1(H) and a2,n(H) are dereasing. Moreover, we have that for any
y <
√
2
a2,n(
2 (2 − y2)√n− 1
n y
√
4− y2
) = π y
Therefore, replaing y by 2
m
in the expression above, we obtain that for values of H between
cot
π
m
and
(m2 − 2)
√
(n− 1)
n
√
m2 − 1
the number
2pi
m
lies between a1(H) and a2,n(H), and therefore, for some onstant C, we will have
that K(H,n,C) = 2pi
m
. Using the same arguments we use in the ase n = 2 the theorem will follow.
Notie that when m = 2 these two bounds are 0 and 2
√
n−1
n
√
3

Let us nish this setion with a remark already pointed out by Otsuki in ([3℄).
Lemma 5.4. For any integer n ≥ 2 and any ǫ > 0 there exist ompat non isoparametri minimal
hypersurfaes in Sn+1 suh that n− ǫ ≤ ||A||2(p) ≤ n+ ǫ for all p ∈M .
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Proof. This is a onsequene of the fat that the expression for v0 in (5.1) redues to (n−1) 12n when
H = 0 and the fat that by piking c lose to c0, the roots t1(C) and t2(C) of the funtion q are as
lose as v0 as we want. Sine the range of the funtion g move from t1(C) to t2(C), we an make
the values of g to move as lose of (n− 1) 12n as we want. When H = 0, we have that
λ = g−n µ = −(n− 1)g−n and ||A||2 = (n− 1)g−2n + (n− 1)2g−2n = n(n− 1)g−2n
Therefore, we an make ||A||2 as lose n as we want. By density of the rational number and the
ontinuity of the funtion K(H,n,C), we an hoose C so that K(H,n,C) is of the form 2kpi
m
for
some pair of integers m and k. This last ondition will guarantee the ompatness of the prole
urve and therefore the ompatness of the hypersurfae.

6. Non isoparametri stable ones in Sn+1
For any ompat minimal hypersurfae M ⊂ Sn+1, let us dene the operator L1 and the number
λ1 as follows,
L1(f) = −∆f − ||A||2f and λ1 = rst eigenvalue of L1
Moreover, let us denote by CM = {tm : t ∈ [0, 1], m ∈M } the one over M . We will say that CM
is stable if every variation of CM , whih holds M xed, inreases area.
In ([5℄, Lemma 6.1.6) Simons proved that if λ1+(
n−1
2 )
2 > 0 then CM is stable. We will prove that
for any n ≥ 6, the one over some non isoparametri examples studied in this paper for H = 0, i.e,
the one over some of the Otsuki's examples, are stable. More preisely we have,
Theorem 6.1. For any n ≥ 6, there are non isoparametri ompat hypersurfaes in Sn+1 suh
that their one is stable.
Proof. A diret veriation shows that
(
n − 1
2
)2 ≥ n+ 1
4
for all n ≥ 6
Using Lemma (5.4), let us onsider a non isoparametri ompat minimal hypersurfae M suh that
||A||2 ≤ n + 18 . We have that the rst eigenvalue λ1 of the operator L1 is greater than −n − 18
beause
λ1 = inf {
∫
M
(−∆f − ||A||2 f)f∫
M
f2
: f is smooth and
∫
M
f2 6= 0 }
and we have that,
∫
M
(−∆f − ||A||2 f)f∫
M
f2
=
∫
M
|∇f |2∫
M
f2
−
∫
M
||A||2 f2∫
M
f2
≥ −(n+ 1
8
)
Therefore, we get that
λ1 + (
n− 1
2
)2 ≥ −(n+ 1
8
) + n+
1
4
=
1
8
> 0
whih implies by Simons' result that the CM is stable.
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
7. Some expliit solutions
In this setion we will pik some arbitrary values of H to expliitly show the embedding, the graph
of the prole urves, and the stereographi projetions of some examples of surfaes with CMC in
S3.
A diret omputation shows that the solution of the equation (4.1) is given by
g(t) =
√
(C − 2H) +√−4 + C2 − 4CH sin(2√1 +H2 t )
2(1 +H2))
From the expression for g we get that its period T is pi√
1+H2
. In this ase, the ondition on C to
get solutions of the ODE (4.1) redues to C > 2(H +
√
1 +H2).
We an get surfaes assoiated with m = 2 if we take H between 0 and 1√
3
≃ 0.57735 and we
an surfaes assoiated with m = 3 if we take H between 1√
3
and
7
4
√
2
≃ 1.23744. One we have
piked the value for H in the right range, in order to get the embedded surfae, we need to solve
the equation
K(H, 2, C) =
∫ pi√
1+H2
0
√
C g(t)(H + g(t)−2)
C − g(t)2 dt =
2π
m
Finally, when we have the H and the C, the prole urve is given by
(
√
1− g
2(t)
C
cos(θ(t)),
√
1− g
2(t)
C
sin(θ(t)) ) where θ(t) =
∫ t
0
√
C g(τ)(H + g−2(τ))
C − g2(τ) dτ
and the embedding is given by
(
g(t)√
C
cos(u),
g(t)√
C
sin(u),
√
1− g
2(t)
C
cos(θ(t)),
√
1− g
2(t)
C
sin(θ(t)) ) 0 ≤ u < 2π 0 ≤ t < m π√
1 +H2
Here are some graphis,
Figure 7.1. Prole urve for m = 2, H = 0.1, in this ase C = 41.28796038772471
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Figure 7.2. Prole urve for m = 2, H = 0.3, in this ase C = 9.129645968138256
Figure 7.3. Prole urve for m = 2, H = 0.57, in this ase C = 3.5313222039296357
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Figure 7.4. Prole urve for m = 2, H = 0.001, H = 0.1, H = 0.3, H = 0.57.
Figure 7.5. Stereographi projetion for the surfae with CMC H = 0.1
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Figure 7.6. Stereographi projetion of half the surfae with CMC H = 0.1
Figure 7.7. Stereographi projetion one of the two atenoid neks of the surfae
with CMC H = 0.1
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Figure 7.8. Stereographi projetion of the surfae with CMC H = 0.3 and m = 2
Figure 7.9. Stereographi projetion of the surfae with CMC H = 0.57 and m = 2
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Figure 7.10. Prole urve for m = 3 and H = 0.5774, in this ase C = 346879.6632142387
Figure 7.11. Prole urve for m = 3 and H = 0.6, in this ase C = 365.3705636110441
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Figure 7.12. Prole urve for m = 3 and H = 0.8, in this ase C = 22.320379289179478
Figure 7.13. Prole urve for m = 3 and H = 1.0, in this ase C = 9.908469426660892
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Figure 7.14. Prole urve for m = 3 and H = 1.2, in this ase C = 6.084010495710457
Figure 7.15. Prole urve for m = 3 and H = 1.237, in this ase C = 5.6615177218839605
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Figure 7.16. Prole urve for m = 3, H = 0.5774, H = 0.6, H = 0.7, H = 0.8,
H = 1.0H = 1.1H = 1.2, H = 1.22H = 1.237.
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Figure 7.17. Stereographi projetion of a surfae with CMC H = 0.5774 and m = 3
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Figure 7.18. Stereographi projetion of a surfae with CMC H = 0.8 and m = 3
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Figure 7.19. Stereographi projetion of a surfae with CMC H = 1.2 and m = 3
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Figure 7.20. Stereographi projetion a surfae with CMC H = 1.2 and m = 4
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7.1. Embedded solutions in hyperboli spaes. In this setion we will point out that the
theorem above an be adapted to hyperboli spaes. In this ase we obtained the embedded hyper-
surfaes with not muh eort sine the Hyperboli spae is not ompat. Here we will be onsidering
the following model of the hyperboli spae,
Hn+1 = {x ∈ Rn+2 : x21 + · · ·+ x2n+1 − x2n+2 = −1 }
The following notation will only be onsidered in this subsetion. For any pair of vetors v =
(v1, . . . , vn+2) and w = (w1, . . . , wn+2), 〈v,w〉 = v1w1 + vn+1wn+1 − vn+2wn+2.
Theorem 7.1. Let gC,H : R→ R be a positive solution of the equation
(g′)2 + g2−2n + (H2 − 1)g2 + 2Hg2−n = C(7.1)
assoiated with a non negative H and a positive onstant C. If µ, λ, r, θ : R→ R and are dened by
r =
gC,H√
C
, λ = H + g−nC,H , µ = nH − (n − 1)λ = H − (n− 1)g−nC,H and θ(u) =
∫ u
0
r(s)λ(s)
1 + r2(s)
ds
then, the map φ : Sn−1 ×R→ Hn+1 given by
φ(y, u) = ( r(u) y,
√
1 + r(u)2 sinh(θ(u)),
√
1 + r(u)2 cosh(θ(u)) )(7.2)
denes an embedded hypersurfae in Hn+1 with onstant mean urvature H. Moreover, if H2 > 1,
the embedded manifold dened by (7.2) admits the group O(n)×Z in its group of isometries, where
Z is the group of integers.
Remark: Arguments similar to those in setion (3.1) show that it is not diult to nd positive
values C that lead to positive solutions of the equation (7.3) in terms of the inverse of a funtion
dened by an integral.
Proof. A diret omputation shows the following identities,
(r′)2 + λ2 = 1 + r2, and λr′ + rλ′ = µr′
Let us dene
B2(u) = (0, . . . , 0, sinh(θ(u)), cosh(θ(u))) and B3(u) = (0, . . . , 0, cosh(θ(u)), sinh(θ(u)))
Notie that 〈B2, B2〉 = −1, 〈B3, B3〉 = −1, 〈B2, B3〉 = 0, B′2 = rλ1+r2B3 and B′3 = rλ1+r2B2, moreover,
we have that the map φ an be written as
φ = r(y, 0, 0) +
√
1 + r2B2
A diret veriation shows that 〈φ, φ〉 = −1 and that
∂φ
∂u
= r′ (y, 0, 0) +
rr′√
1 + r2
B2 +
rλ√
1 + r2
B3
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is a unit vetor, i.e, 〈∂φ
∂u
, ∂φ
∂u
〉 = 1. We have that the tangent spae of the immersion at (y, u) is
given by
Tφ(y,u) = {(v, 0, 0) + s
∂φ
∂u
: 〈v, y〉 = 0 and s ∈ R}
A diret veriation shows that the map
ν = −rλ (y, 0, 0) − r
2 λ√
1 + r2
B2 +
r′√
1 + r2
B3
satises that 〈ν, ν〉 = 1, 〈ν, ∂φ
∂u
〉 = 0 and for any v ∈ Rn with 〈v, y〉 = 0 we have that 〈ν, (v, 0, 0)〉 = 0.
It then follows that ν is a Gauss map of the immersion φ. The fat that the immersion φ has onstant
mean urvature H follows beause for any unit vetor v in Rn perpendiular to y, we have that
β(t) = (r cos(t)y + r sin(t)v, 0, 0) +
√
1 + r2B2 = φ(cos(t)y + r sin(t)v, u)
satises that β(0) = φ(y, u), β′(0) = rv and
dν(β(t))
dt
∣∣
t=0
= dν(rv) = −rλ v
Therefore, the tangent vetors of the form (v, 0, 0) are prinipal diretions with prinipal urvature
λ and multipliity n−1. Now, sine 〈∂ν
∂u
, (v, 0, 0)〉 = 0, we have that ∂φ
∂u
denes a prinipal diretion,
i.e. we must have that
∂φ
∂u
is a multiple of
∂φ
∂u
. A diret veriation shows that,
〈∂ν
∂u
, y〉 = −λ′ r − λr′ = −µ r′ = −(nH − (n− 1)λ)r′
We also have that 〈∂φ
∂u
, y〉 = r′, therefore,
∂ν
∂u
= dν(
∂φ
∂u
) = −µ ∂φ
∂u
= −(nH − (n− 1)λ)∂φ
∂u
It follows that the other prinipal urvature is nH−(n−1)λ. Therefore φ denes an immersion with
onstant mean urvature H, this proves the rst item in the Theorem. This immersion is embedded
beause the immersion φ is one to one as we an easily hek using the fat that whenever H ≥ 0, the
funtion θ is stritly inreasing. In order to prove the ondition on the isometries of the immersion
when H > 1 we notie rst that the ODE (7.3) an be written as
(g′)2 = g2−2n q(g) where q(v) = Cv2n−2 − (H2 − 1)v2n − 2Hvn − 1
Sine q(0) = −1 and the leading oeient of q is negative under the assumption that H > 1,
then by the arguments used in setion (3.1) we onlude that a positive solution g of (7.3) must be
periodi, moreover the values of g must move from two positive roots t1 and t2. Now if T is the
period of g and we dene
K =
∫ T
0
r(u)λ(u)
1 + r2(u)
du
then we have,
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For any integer j and u ∈ [jT, (j + 1)T ] we have that θ(u) = jK + θ(u− jT )
Using the equation above we get that the immersion φ is invariant under the group generated by
hyperboli rotations of the angle K in the xn+1-xn+2 plane. This onludes the theorem.

7.2. Solutions in Eulidean spaes. In this setion we will point out that the same kind of
theorem an be adapted to Eulidean spaes. In this ase we obtain the embedded and not embedded
Delaunay hypersurfaes.
Theorem 7.2. Let gC,H : R→ R be a positive solution of the equation
(g′)2 + g2−2n +H2 g2 + 2Hg2−n = C(7.3)
assoiated with a real number H and a positive onstant C. If µ, λ, r,R : R→ R and are dened by
r =
gC,H√
C
, λ = H + g−nC,H , µ = nH − (n− 1)λ = H − (n− 1)g−nC,H and R(u) =
∫ u
0
r(s)λ(s)ds
then, the map φ : Sn−1 ×R→ Rn+1 given by
φ(y, u) = ( r(u) y,R(u))(7.4)
denes an immersed hypersurfae in R
n+1
with onstant mean urvature H. Moreover, if H ≥ 0,
the manifold dened by (7.4) is embedded. We also have that when n > 2, up to rigid motions they
are the only CMC hypersurfaes with exatly two prinipal urvatures.
Proof. A diret omputation shows the following identities,
(r′)2 + λ2 = r2, and λr′ + rλ′ = µr′
In this ase we have that the map
ν(y, u) = (−r(u)λ(u) y, r′(u))
is a Gauss map of the immersion. A diret omputation shows that indeed this immersion has
onstant mean urvature H. The fat that the immersion is an embedding when H ≥ 0 follows
from the fat that λ > 0 in this ase and therefore the funtion R is stritly inreasing. For the last
part of the theorem we will use the same notation used in the previous setions, and in partiular
we dene the funtions w, λ on the whole manifold as before, and we extend the funtion r to the
manifold by dening it as r = w√
c
. We have that,
(1) the vetor λ ren + en(r) ν is a unit onstant vetor on the whole manifold, we an assume
that this vetor is the vetor (0, . . . , 0, 1)
(2) The vetor η = −en(r) en + λ r ν is onstant along the geodesi dened by the vetor eld
en, i.e, we an prove that ∇¯enη vanishes.
(3) From the last items we an solve for en in terms of the vetors (0, . . . , 0, 1) and η, and then,
integrate in order to get the prole urves.
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(4) The vetor eld x + rη is independent of the integral submanifolds of the distribution
Span{e1, . . . , en−1}.
(5) The previous onsiderations and the fat that the vetors e1, . . . en−1 are perpendiular
to the vetor η and (0, . . . , 0, 1) imply that the integral submanifolds of the distribution
Span{e1, . . . , en−1} are spheres with enter at x + rη and radius r. Notie that ||x − (x +
rη)|| = r.
(6) If we x a point p0 and we dene the geodesi γ(u) as before, then, without loss of generality
we may assume that η(p0) = (0, . . . , 0, 1, 0) = η(u) and therefore, we an also assume by
doing a translation, if neessary, that
γ(u) =
∫ u
0
en(u) =
∫ u
0
(0, . . . , 0,−r′(u), λ(u) r(u)) = (0, . . . ,−r(u), R(u))
Where R(u) =
∫ u
0 λ(t) r(t)dt. The theorem follows by notiing that the enter of the
integral submanifolds take the form γ(u) + r(u)η(γ(u)) = (0, . . . , 0, R(u))

In the ase n = 2 we an nd expliit solutions. For any positive C > 4H, they look like,
φ(u, v) = ( r(u) cos(v), r(u) sin(v), R(u))
where ,
R(u) =
∫ u
0
C +
√
C(C − 4H) cos(2Hy)
√
2C
√
C − 2H +
√
C(C − 4H) cos(2Hy)
dy and r(u) =
√
C − 2H +√C(C − 4H) cos(2Hu)
√
2
√
CH
Here there is the graph of a non embedded Delaunay surfae,
Figure 7.21. Half rotation of a non embedded Delaunay surfae with CMC H =
−1, here C = 2
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